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Abstract
The counterpart of the classical Hurwitz–Radon function over fields of characteristic 2 is
obtained, by relying on basic properties of the spin representations and involutions of Clif-
ford algebras. Specific “optimal” compositions of quadratic forms will be constructed from
any regular quadratic form with trivial discriminant and Clifford invariant. © 2002 Elsevier
Science Inc. All rights reserved.
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1. Introduction
This paper grew out of an attempt to extend the nice proof in [5, (35.2)] of an old
result by Pfister, which characterizes 3-fold Pfister forms, up to similarity, as those
regular quadratic forms in dimension 8 with trivial discriminant and trivial Clifford
invariant, to characteristic 2 (see Corollary 2 below).
Some arguments used in this extended proof can be used to study composition
of quadratic forms over arbitrary fields, a subject that goes back to the 1920s (see
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[3,7]), and deduce the Hurwitz–Radon function in characteristic 2 in a nice way.
This case was already treated in [4], although in a different way, involving spaces of
similarities. Actually, the approach here is valid in any characteristic, but the atten-
tion will be restricted to fields of characteristic 2, since the situation over fields of
characteristic /= 2 is well known (see [6, Chapter 5] or [9,10]). Hence, throughout
the paper, F will always denote a field of characteristic 2.
Only finite dimensional spaces will be considered and the notation and terminolo-
gy in [5] will be followed throughout. Thus, a regular quadratic space (V , q) consists
of a vector space V over F , endowed with a quadratic form q whose polar, given
by bq(x, y) = q(x + y)− q(x)− q(y), is either a nondegenerate bilinear form or
dimV is odd and ker bq = Fv for some v ∈ V with q(v) /= 0.
Given a regular quadratic space (V , q) of even dimension, with trivial discrimi-
nant (or Arf invariant, see [5, pp. xix–xxi]) and trivial Clifford invariant, it will be
shown in Section 2 how to define a regular quadratic form Q in the space W of
either the half spinors or the spinors (see [2]) and a bilinear map V ×W → W :
(v,w) 	→ v · w so that
Q(v · w) = αq(v)Q(w) (1)
for any v ∈ V and w ∈ W , where α is a suitable nonzero scalar. This will be done by
relying on properties of the canonical involution of the Clifford algebra C(V, q). It
will be shown that the composition of quadratic forms (1) thus obtained (V , αq)×
(W,Q)→ (W,Q) is optimal in the sense that for any other composition of quadratic
forms (V˜ , q˜)× (W˜ , Q˜)→ (W˜ , Q˜), with dimV = dim V˜ , the dimension of W˜ is a
multiple of dimW (Theorem 4).
For regular quadratic spaces (V , q) of odd dimension, the situation is closer to
the usual treatment in characteristic /= 2 (see for instance [6, Chapter 5]). Hence,
the “optimal (W,Q)” will be constructed either on the space of spinors (irreducible
representation space for the even Clifford algebra C0(V , q)) or on a direct sum of
two copies of it.
In the final section, the Hurwitz–Radon function in characteristic 2 will be de-
duced from the previous work.
For a regular quadratic space (V , q), a key role will be played by the canoni-
cal involution τ (τ(v) = v for any v ∈ V ) of the Clifford algebra C(V, q) and its
restriction τ0 to C0(V , q). Recall from [5, (8.4)] that for dimV = 2r:

• τ is symplectic.
• τ0 is unitary if and only if r is odd,
otherwise τ0 symplectic.
(2)
After this work was completed, the author became aware of Ref. [11], where
Clifford algebras and their representations are also used to study the composition of
quadratic forms with quadratic, bilinear and hermitian forms in the more general (and
difficult) setting of forms over commutative rings. However, some of the arguments
used there are not valid in characteristic 2. Consider the following example: let V be
A. Elduque / Linear Algebra and its Applications 348 (2002) 87–103 89
a two-dimensional vector space over a field F and let b : V × V → F be a nonzero
alternating form. Then the map
EndF (V )× V −→ V
(ϕ, v) 	→ ϕ(v)
satisfies b(ϕ(u), ϕ(v)) = (detϕ)b(u, v) for any ϕ ∈ EndF (V ) and any u, v ∈ V , so
it gives a composition (EndF (V ), det)× (V , b)→ (V , b). If the characteristic of F
is 2 and {v1, v2} is a basis of V with b(v1, v2) = 1, b is the polar b = bq of the
quadratic form q such that q(v1) = 0 = q(v2) and q(v1 + v2) = 1. But while any
ϕ ∈ EndF (V ) is a similarity of (V , b) of norm detϕ, it is not in general a similarity of
(V , q) (otherwise, taking any u ∈ V with q(u) /= 0, the map EndF (V )→ V, ϕ 	→
ϕ(u) would give a similarity among spaces of different dimension). On the other
hand, (C(V, q), τ )∼= (EndF (V ), σb), where τ is the canonical involution, thus the
last assertion of [11, Theorem 2.3], and hence the proof of [11, Theorem 3.1], is not
valid in characteristic 2 (where alternating form is the same as polar of a quadratic
form). Also, this argument shows that there are no compositions of quadratic forms
of dimensions 4 and 2, contrary to the assertion in [11, Theorem 3.3] (for m = 4,
l = π+(m)/2 = 2). Anyway, it will be proved here (Theorems 4 and 7) that [11,
Theorem 3.1] remains valid over fields of characteristic 2 with the only exceptions
of m = 3, 4 and 5.
2. Even dimension
Let (V , q) be a regular quadratic space of dimension 2r > 0 with trivial Clifford
invariant. This means that there is an isomorphism of algebras with involutions
 : (C(V, q), τ)→ (EndF (U), σb),
where U , the spin representation of C(V, q), is a vector space over the ground field
F of dimension 2r , endowed with an alternate bilinear form b (since τ is symplectic),
and σb is the involution associated to b. Besides, if the discriminant of (V , q) is also
trivial, then the center of the even Clifford algebra satisfies
Z = Z(C0(V , q)) = Fe1 ⊕ Fe2
for orthogonal idempotents e1 and e2 with 1 = e1 + e2. Therefore, U = e1U ⊕ e2U
and Ui = eiU is a half-spin representation of C0(V , q), of dimension 2r−1, for i =
1, 2. Moreover, (C0(V , q)) = EndF (U1)× EndF (U2) ⊆ EndF (U).
Also, given any invertible element x ∈ C1(V , q), the restriction of the inner auto-
morphism a 	→ xax−1 to Z is not trivial (since Z does not commute with C1(V , q))
and therefore xe1 = e2x and xe2 = e1x. By Zariski density (after extending scalars
to get an infinite field if necessary), the same happens for any x ∈ C1(V , q) and, as
a consequence, the isomorphism  above is determined by
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 : (C(V, q), τ)−→(EndF (U1 ⊕ U2), σb)
x ∈ V 	→ x =
(
0 ρx
λx 0
)
for some linear maps λx : U1 → U2 and ρx : U2 → U1. Besides,
e1 =
(
1 0
0 0
)
and e2 =
(
0 0
0 1
)
.
Theorem 1. Let (V , q) be a regular quadratic space of dimension 2r > 0 with triv-
ial discriminant and trivial Clifford invariant. Let W be a half-spin representation
of C0(V , q) and U the spin representation of C(V, q). Then:
(a) If r is even and >2, there exist a regular quadratic form Q : W → F, a nonze-
ro scalar α ∈ F and a bilinear map V ×W → W : (x,w) 	→ x · w such that
Q(x · w) = αq(x)Q(w) for any x ∈ V and w ∈ W.
(b) If either r = 2 or r is odd, there exist a regular and hyperbolic quadratic form
Q : U → F and a bilinear map V × U → U : (x, u) 	→ x · u such that
Q(x · u) = q(x)Q(u) for any x ∈ V and u ∈ W.
Proof. With the same notations as above, if τ0 is unitary, then τ(e1) = e2, τ(e2) =
e1, and hence
b(U1, U1) = b(e1U, e1U) = b(U, e2e1U) = 0 = b(U2, U2),
so U1 and U2 are isotropic. On the contrary, if τ0 is symplectic, τ(ei) = ei (i = 1, 2)
and
b(U1, U2) = b(e1U, e2U) = b(U, e1e2U) = 0,
so that b = b1 ⊥ b2 on U1 ⊕ U2.
We separate in different cases:
(I) r odd. Here τ0 is unitary. Define Q : U → F by Q(u) = b(e1u, e2u) for any
u ∈ U so that
bQ(u, v) = b(e1u, e2v)+ b(e1v, e2u) = b
(
u, e22v
)+ b(e21v, u) = b(u, v)
for any u, v ∈ U , and Q is regular and hyperbolic. Define also the bilinear map
V × U → U by x · u = x(u). Then, for any x ∈ V and u ∈ U , u = u1 + u2 with
ui ∈ Ui , i = 1, 2:
Q(x · u)= b(e1(x · u), e2(x · u)) = b(x · u2, x · u1)
= b(u2, x · (x · u1))
(
since τ(x) = x)
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= q(x)b(u2, u1) (since 2x = q(x)I)
= q(x)Q(u).
(II) r = 2. In this case both τ and τ0 are symplectic so that b1 and b2 are al-
ternate. Fix an element a ∈ V with q(a) /= 0 and define Q : U → F by Q(u) =
b(e1u, ρa(e2u)) = b1(e1u, ρa(e2u)) for any u ∈ U . Notice that:
• For u ∈ e1U ∪ e2U , Q(u) = 0.
• For any u ∈ e1U and v ∈ e2U , there is a u˜ ∈ e2U with u = ρa(u˜) and
bQ(u, v)= b1(u, ρav) = b1(ρau˜, ρav) = b(a(u˜),a(v))
= b(u˜,2a(v)) = q(a)b(u˜, v) = q(a)b2(u˜, v).
• b2 is nondegenerate so that so is bQ, and Q is hyperbolic.
Now, define the bilinear map V × U → U by means of
x · u =
{ 1
q(a)
ρxλau ∈ e1U if u ∈ e1U,
λaρxu ∈ e2U if u ∈ e2U.
Then, with u = u1 + u2 (ui ∈ Ui = eiU , i = 1, 2):
Q(x · u)= b1
(
e1(x · u), ρa(e2(x · u))
)
= b1
(
x · u1, ρa(x · u2)
)
= b
(
1
q(a)
ρxλau1, ρaλaρxu2
)
= b
(
1
q(a)
x(λau1), q(a)x(u2)
)
= q(x) b
(
1
q(a)
λau1, q(a)u2
)
= q(x) b
(
1
q(a)
λau1, λaρau2
)
= q(x)b(u1, ρau2) = q(x)Q(u).
(III) r > 2 and even. Here again both τ and τ0 are symplectic so that b = b1 ⊥ b2
on U = U1 ⊕ U2. Consider W = U1 = e1U . Proceeding as in (II), we may find Q :
U → F regular and hyperbolic and V × U → U bilinear admitting composition,
but we want more in this case.
Let a ∈ V with q(a) /= 0 and c ∈ V with bq(a, c) = 1, which we fix in what
follows. Define Qc : W → F by
Qc(w) = b(w, ρaλcw)( = b(w,ac(w)) = b(a(w),c(w)) = b(λaw, λcw)).
Thus, for any w1, w2 ∈ W ,
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bQc(w1, w2)= b
(
a(w1),c(w2)
)+ b(a(w2),c(w1))
= b(w1, (ca + ac)(w2)) (charF = 2!)
= bq(a, c)b(w1, w2) = b(w1, w2).
Define the composition V ×W → W by x · w = ρaλxw = ax(w). Then for any
x = µa + νc + y ∈ V (µ, ν ∈ F , y ∈ (Fa + Fc)⊥) one checks:
Qc(x · w)= b
(
a(x · w),c(x · w)
)
= b(2ax(w),cax(w))
= q(a)b(x(w),xca(w)+ µa+νc(w))
= q(a)q(x)Qc(w)+ q(a)b
(
y(w),µa+νc(w)
)
, (3)
since
cax = xca + bq(x, a)c + bq(x, c)a = xca + µa+νc.
Therefore,
Qc(x · w) = q(a)q(x)Qc(w) (4)
for any x ∈ (Fa + Fc) ∪ (Fa + Fc)⊥.
Let us check that Qc does not depend on c. Actually, if c˜ ∈ V also satisfies
bq(a, c˜) = 1, then c˜ = µa + c + y for some µ ∈ F and y ∈ (Fa + Fc)⊥. But the
dimension of V is 6, so there are y1, y2 ∈ (Fa + Fc)⊥ with bq(y1, y2) = 1,
bq(y1, y) = 0 = bq(y2, y). Eq. (4) with x = y1 + y2, x = y1 and x = y2 gives
Qc
(
(y1 + y2) · w
) = q(a)q(y1 + y2)Qc(w),
Qc(y1 · w) = q(a)q(y1)Qc(w),
Qc(y2 · w) = q(a)q(y2)Qc(w).
So
bQc
(
y1 · w, y2 · w
) = b(y1 · w, y2 · w) = q(a)Qc(w).
Since y1, y2 ∈ (Fa + F c˜)⊥, the same argument gives
q(a)Qc˜(w) = b(y1 · w, y2 · w) = q(a)Qc(w),
and hence, Qc(w) = Qc˜(w) for any w ∈ W , as required.
Thus, let Q = Qc. By Eq. (4) (with c˜) one gets Q(c˜ · w) = q(a)q(c˜)Q(w) for
any w ∈ W , so by Eq. (3), b(y(w),µa+c(w)) = 0 for any w ∈ W , µ ∈ F and
y ∈ (Fa + Fc)⊥, and with µ = 0 and µ = 1, one obtains b(y(w),a(w)) = 0 =
b(y(w),c(w)) for any w ∈ W . Therefore, Eq. (3) gives Q(x · w) = q(a)q(x)
Q(w) for any x ∈ V and any w ∈ W .
This finishes the proof. 
Remark. If r = 2, there do not exist a regular quadratic form Q : W → F , a nonze-
ro scalar α ∈ F and a bilinear map V ×W → W such that Q(x · w) = αq(x)Q(w)
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for any x ∈ V and w ∈ W , since dimW = 2 and by taking any w ∈ W with Q(w) /=
0 this would lead to a similarity V → W : x 	→ x · w, a contradiction since dimV >
dimW .
As mentioned in Section 1, the paper was motivated by the proof given in [5,
(35.2)], over fields of characteristic /= 2, of an old result of Pfister. The requirement
on the characteristic in this proof can be dropped as follows.
Corollary 2. Let (V , q) be a regular quadratic space of dimension 8. Then the
following conditions are equivalent:
(a) (V , q) has trivial discriminant and trivial Clifford invariant.
(b) (V , q) is similar to the norm of a Cayley algebra.
Proof. If (b) is satisfied, there is a bilinear unital product V × V → V : (x, y) 	→ xy
and a nonzero scalar α ∈ F such that q(xy) = αq(x)q(y) for any x, y ∈ V . Thus V
is a Cayley algebra, and if x 	→ x¯ denotes its standard involution, one has Lx¯Lx =
LxLx¯ = αq(x) for any x ∈ V , where Lx denotes the left multiplication by x. Then
there is an isomorphism C(V, q)→ EndF (V ⊕ V ) given by
x 	→
(
0 Lx
α−1Lx¯ 0
)
for any x ∈ V (it is an isomorphism by dimension count), which proves (a).
Conversely, if (a) is satisfied, by Theorem 1 there is a 0 /= α ∈ F , a regular
quadratic form Q : W → F with dimW = 8 and a bilinear map V ×W → W :
(x,w) 	→ x · w such that Q(x · w) = αq(x)Q(w). Scaling Q we may assume that
there is a w ∈ W with Q(w) = 1 and then φ : V → W : x 	→ x · w gives an isometry
(W,Q)∼= (V , αq). Let us define then a product in V by x · y = φ−1(x · φ(y)). For
any x, y ∈ V ,
αq(x · y)= αq(φ−1(x · φ(y))) = Q(x · φ(y))
= αq(x)Q(φ(y)) = (αq(x))(αq(y)).
Thus (V , ·, αq) is a composition algebra with right unit e = φ−1(w), since x · e =
φ−1(x · φ(e)) = φ−1(x · w) = φ−1φ(x) = x for any x ∈ V . Hence, by defining the
new multiplication xy = x · L−1e (y) on V , we obtain that it is unital with unit ele-
ment e and that still satisfies αq(xy) = (αq(x))(αq(y)), so V is a Cayley algebra
with this new multiplication. 
Some well-known results can be deduced from Theorem 1. Let (V , q) be as in
Theorem 1. Then as in the proof above (V , αq) lies inside either (W,Q) or (U,Q) by
means of x 	→ x · w for some w with Q(w) = 1. Now, if r = 1 (dimV = dimU =
2) q is isomorphic to Q and hence q is hyperbolic. The same happens for r = 2
(dimV = dimU = 4). For r = 3, dimV = 6 while dimU = 8, besides (U,Q) is
hyperbolic and (V , q) lies inside (U,Q). Therefore (V , q) contains isotropic sub-
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spaces of dimension 2. Hence (V , q) is the orthogonal sum of two hyperbolic planes
and a two-dimensional (V˜ , q˜), which still has trivial discriminant and trivial Clif-
ford invariant, and thus it is hyperbolic too. Therefore (see [1, Chapter V, Section
4, pp. 128–129], over fields of characteristic /= 2 one can consult [8, 2.14.3]), for
dim (V , q) = 2, 4, 6, q is hyperbolic if and only if it has trivial discriminant and
trivial Clifford invariant. Also, Corollary 2 gives easily that for dim (V , q) = 8, q is
hyperbolic if and only if it is isotropic and has trivial discriminant and trivial Clifford
invariant.
Corollary 3. Let (V , q) be a regular quadratic space of dimension 2r, r /= 2, with
trivial Clifford invariant. Let U be the spin representation of C(V, q) and
 : (C(V, q), τ )→ (EndF (U), σb) the associated isomorphism of algebras with in-
volution. Then there is a quadratic regular form Q : U → F with bQ = b and such
that Q(x(u)) = q(x)Q(u) for any x ∈ V and any u ∈ U.
Proof. Let us assume first that the discriminant of (V , q) is also trivial. Then if r
is odd the result follows from Theorem 1. If r is even, r /= 2, and W is a half spin
representation ofC0(V , q), by the proof of Theorem 1 there is an element a ∈ V with
q(a) = α /= 0, a bilinear map V ×W → W : (x,w) 	→ ηxw = axw and a regu-
lar quadratic form Qˆ : W → F with b
Qˆ
(w1, w2) = b(w1, w2) for any w1, w2 ∈ W
and such that Qˆ(ηxw) = αq(x)Qˆ(w) for any x ∈ V and w ∈ W .
But for any x ∈ V , xa = ax + bq(a, x)1 = ax¯ , where x¯ = bq(x,a)q(a) a −
x (so q(x¯) = q(x)). Thus
b
Qˆ
(ηxw1, w2)= b(ηxw1, w2) = b(axw1, w2)
= b(w1,xaw2) = b(w1, ηx¯w2)
for any x ∈ V and w1, w2 ∈ W . Also, for any x ∈ V ,
ηxηx¯ = axax¯ = 2a2x¯ = q(a)q(x)1.
Now, an isomorphism (by dimension count) is determined by
 : (C(V, q), τ )−→(EndF (W ⊕W), σ(αb|W )⊥b|W )
x 	→
(
0 α−1ηx
ηx¯ 0
)
since for any x ∈ V and w1, w2 ∈ W ,(
(αb|W) ⊥ b|W
) (( 0 α−1ηx
ηx¯ 0
)(
w1
w2
)
,
(
w1
w2
))
= αb|W
(
α−1ηxw2, w1
)+ b|W (ηx¯w1, w2)
= 2b|W
(
w1, ηxw2
) = 0.
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Therefore we may identify (U, b) with (W ⊕W,αb|W ⊥ b|W) and consider Q =
(αQˆ) ⊥ Qˆ on U = W ⊕W . Besides,
Q
(
x
(
w1
w2
))
= αQˆ(α−1ηxw2)+ Qˆ(ηx¯w1)
= α−1Qˆ(ηxw2)+ Qˆ(ηx¯w1)
= α−1αq(x)Qˆ(w2)+ αq(x¯)Qˆ(w1)
= q(x)
(
αQˆ(w1)+ Qˆ(w2)
)
= q(x)Q
(
w1
w2
)
,
as required.
Now, if the discriminant of q is not trivial, there is a quadratic field extension
K/F andQ : K ⊗F U → K a regular quadratic form with bQ = b andQ(x(u)) =
q(x)Q(u) for any x ∈ V and u ∈ U . Since K = F1 + F* for some *, Q(u) =
Q0(u)+Q1(u)* for any u ∈ U . Then one easily checks that Q0 : U → F is the
required regular quadratic form. 
For r = 2 the statement in Corollary 3 never holds. Otherwise, by scaling Q and b
we could assume that there is an element u ∈ U with Q(u) = 1, and then by dimen-
sion count, the linear map ϕ : V → U : x 	→ x(u) is an isometry. Define then a mul-
tiplication in V by xy = ϕ−1(x(ϕ(y))) for any x, y ∈ V . If e = ϕ−1(u), we have
q(e) = 1, q(xy) = q(x)q(y), and xe = x and x2 = x(xe) = ϕ−1(x(ϕ(xe))) =
ϕ−1(2x(ϕ(e))) = q(x)e for any x, y ∈ V . Hence xy + yx = bq(x, y)e for any
x, y ∈ V , so that ex = x¯ for any x ∈ V , where x¯ = bq(x, e)e − x. Now, with the
new multiplication given by x♦y = xy¯, (V ,♦) is a four-dimensional composition
algebra with unit element e, and hence a quaternion algebra. By extending scalars
if necessary, the ground field may be assumed to be infinite; then for any x, y∈V ,
x(xy)=ϕ−1(2x(ϕ(y)))=q(x)y=y♦x♦x¯ and also x(xy)=x♦(xy)=x♦(x♦y¯) =
x♦y♦x¯. Hence x♦y = y♦x for any x, y ∈ V with q(x) /= 0, and by Zariski density
for any x, y ∈ V , a contradiction since quaternion algebras are not commutative.
Theorem 1 gives compositions of quadratic forms (V , αq)× (W,Q)→ (W,Q)
with
dimW =
{
2
dimV
2 −1 if r is even, r /= 2,
2
dimV
2 if r = 2 or r is odd.
These dimensions are optimal in the following sense:
Theorem 4. Let (V , q) and (W,Q) be regular quadratic spaces, the dimension of V
being even, and let (V , q)× (W,Q)→ (W,Q): (x,w) 	→ x · w be a composition
of quadratic forms (that is, Q(x · w) = q(x)Q(w) for any x ∈ V and w ∈ W). Then
the dimension of W is a multiple of
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2
dimV
2 −1 if r is even, r /= 2,
2
dimV
2 if r = 2 or r is odd.
To prove this result an easy lemma is needed, which will also help in setting some
notation.
Lemma 5. Let (V , q) and (W,Q) be regular quadratic spaces and let (V , q)×
(W,Q)→ (W,Q): (x,w) 	→ x · w be a composition of quadratic forms. Then:
(i) For any 0 /= x ∈ V with q(x) /= 0, lx : W → W : w 	→ x · w is a bijection.
(ii) For any w ∈ W with Q(w) /= 0, ϕw : V → W : x 	→ x · w is one-to-one.
(iii) bQ is nondegenerate unless dimV = 1.
(iv) If q represents 0 (there is 0 /= x ∈ V with q(x) = 0), then Q is hyperbolic.
(v) If dimV > 1, dimW is even.
Proof. For (i) notice that if lx(w) = 0, then Q(w) = 0 and bQ(w,W) = 0, so by
regularity w = 0. The proof of (ii) is similar. For item (iii) assume that bQ is degen-
erate. Also, by extending scalars, the ground field F may be assumed to be infinite.
For any 0 /= a ∈ W⊥ and for any x ∈ V with q(x) /= 0, bQ(x · a,W) = bQ(x · a, x ·
W) = q(x)bQ(a,W) = 0, so x · a ∈ W⊥ for any x ∈ V with q(x) /= 0. By Zariski
density, x · a ∈ W⊥ for any x ∈ V and hence ϕa(V ) ⊆ W⊥. Now (ii) implies that
dimV  dimW⊥  1.
By regularity, if q is isotropic, there are elements x, y ∈ V with q(x) = 0 = q(y)
and bq(x, y) = 1. Then by (i), W = (x + y) ·W = x ·W + y ·W and both x ·W
and y ·W are isotropic. Thus we get (iv), and (v) is a consequence of (iv), once
scalars are extended to the algebraic closure. 
Proof of Theorem 4. By Lemma 5(iii)–(v), bQ is nondegenerate and dimW is
even. Let e ∈ V with q(e) = α /= 0, so le is a bijection. Define for any x ∈ V , ηx =
lx l
−1
e : W → W . Since bQ(lxw1, lew2)+ bq(lew1, lxw2) = bq(x, e)bQ(w1, w2) for
any x ∈ V , w1, w2 ∈ W ; with u1 = lew1 and u2 = lew2:
bQ
(
ηxu1, u2
)+ bQ(u1, ηxu2) = bq(x, e)q(e)−1bQ(u1, u2)
for any x ∈ V and u1, u2 ∈ W ; that is, η∗x = ηx¯ , where ∗ denotes the adjoint relative
to bQ and x¯ = bq(x,e)q(e) e − x (so q(x¯) = q(x)) for any x ∈ V . Hence, as in the proof
of Corollary 3,
 : (C(V, q), τ )−→(EndF (W ⊕W), σbQ⊥αbQ)
x 	→
(
0 αηx
ηx¯ 0
)
determines a homomorphism, which is one-to-one by simplicity of C(V, q), of Z2-
graded algebras with involution, since
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(
bQ ⊥ αbQ
) (( 0 αηx
ηx¯ 0
)(
u1
u2
)
,
(
w1
w2
))
= bQ(αηxu2, w1)+ αbQ(ηx¯u1, w2)
= αbQ(u2, ηx¯w1)+ bQ(u1, αηxw2)
= (bQ ⊥ αbQ)
((
u1
u2
)
,
(
0 αηx
ηx¯ 0
)(
w1
w2
))
and
q(x)
α
bQ(w1, w2) = bQ(ηxw1, ηxw2) = bQ(ηx¯ηxw1, w2),
so αηx¯ηx = q(x)1 and 2x = q(x)1 for any x ∈ V .
Let Qˆ = Q ⊥ αQ on W ⊕W . For any x ∈ V and any (w1
w2
) ∈ W ⊕W ,
Qˆ
(
x
(
w1
w2
))
= Q(αηxw2)+ αQ(ηx¯w1)
= α2 q(x)
α
Q(w2)+ αq(x¯)
α
Q(w1)
= q(x)(Q(w1)+ αQ(w2))
= q(x)Qˆ
(
w1
w2
)
,
so the map
(V , q)× (W ⊕W, Qˆ)→ (W ⊕W, Qˆ) :
(
x,
(
w1
w2
))
	→ x
(
w1
w2
)
is a composition of quadratic forms too.
Extending scalars, it can be assumed that (V , q) has trivial discriminant and trivial
Clifford invariant. Through , W ⊕W is a module for C(V, q), and by complete
reducibility it is a direct sum of a finite number, say s, of copies of the unique irreduc-
ible module for C(V, q) (the spin representation). Hence 2 dimW = s2r if dimV =
2r , so dimW = s2r−1 and we are done if r is even, r > 2. Also, if s is even, then
dimW is a multiple of 2r , thus getting the result too.
On the other hand,  induces a monomorphism
0 : (C0(V , q), τ0)−→
(
EndF (W), σbQ
)× (EndF (W), σbQ)
s 	→ (+(s),−(s))
where (s) =
(
+(s) 0
0 −(s)
)
.
If the involution τ0 is unitary and e1, e2 are the central primitive orthogonal id-
empotents of C0(V , q) (1 = e1 + e2) then W = +(e1)(W)+−(e2)W and, since
τ0(e1) = e2, for any w1, w2 ∈ W ,
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bQ
(
+(e1)w1,+(e1)w2
) = bQ(w1,+(e2)+(e1)w2) = 0,
since e2e1 = 0. Therefore the summands +(e1)(W) and −(e2)W are isotropic
and dimW = 2 dim+(e1)W . But+(e1)W is a direct sum of, say l, copies of the
irreducible module for the simple algebra C0(V , q)e1 (the half-spin representation),
which has dimension 2r−1. Therefore, in this case, dimW = 2 dim+(e1)(W) =
2l2r−1 = l2r and the result follows.
Hence we are left with the case in which s is odd, τ0 is not unitary and r = 2
(recall that if r is odd, τ0 is unitary).
Notice that if M is a C(V, q)-submodule of W ⊕W , so is M⊥ = {z ∈ W ⊕W :
b
Qˆ
(z,M) = 0}. If, in addition, M is an irreducible submodule, then either M ⊆
M⊥, or M ∩M⊥ = 0. But since s is odd, there exists an irreducible submodule
M of W ⊕W with M ∩M⊥ = 0 (otherwise W ⊕W would be an orthogonal di-
rect sum of submodules M1 ⊕M2, with M1 and M2 irreducible and isotropic and
with b
Qˆ
(M1,M2) /= 0, so s would be even). Therefore,  restricts to an isomor-
phism (C(V, q), τ )→ (EndF (M), σb
Qˆ
|M ). Since r = 2, the composition of qua-
dratic forms (V , q)× (M, Qˆ|M)→ (M, Qˆ|M): (x, z) 	→ x(z), that appears con-
tradicts the comments after Corollary 3. Thus finishing the proof. 
3. Odd dimension
Let (V , q) be a regular quadratic space of odd dimension 2r + 1 with trivial Clif-
ford invariant. Hence there is an isomorphism:
 : C0(V , q) −→ EndF (W),
where W is the space of the spin representation (the unique irreducible representa-
tion) of C0(V , q). Notice that dimW = 2r .
Theorem 6. Let (V , q) be a regular quadratic space of odd dimension 2r + 1, r >
0, with trivial Clifford invariant, and let W be its spin representation. Then:
(a) If r > 2, there exists a regular quadratic form Q : W → F, a nonzero scalar
α ∈ F and a bilinear map V ×W → W : (x,w) 	→ x · w such thatQ(x · w) =
αq(x)Q(w) for any x ∈ V and w ∈ W.
(b) If r = 1, 2, there exists a regular and hyperbolic quadratic form Q : W ⊕W →
F and a bilinear map V × (W ⊕W)→ W ⊕W : (x, u) 	→ x · u such that
Q(x · u) = q(x)Q(u) for any x ∈ V and u ∈ W ⊕W.
Proof. Choose 0 /= e ∈ ker bq and let α−1 = q(e) ( /= 0). Then V is the orthogonal
direct sum V = Fe ⊕ Vˆ . If qˆ = αq|
Vˆ
, qˆ is a regular quadratic form on the even
dimensional space Vˆ . The linear map Vˆ → C0(V , q): x 	→ αxe, induces an isomor-
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phism of algebras C(Vˆ , qˆ)→ C0(V , q) and, therefore, there is an isomorphism of
algebras with involution
 : (C(Vˆ , qˆ), τ)→ (EndF (W), σb),
for a suitable alternate bilinear form b.
We follow several steps:
(I) Let us show that if r > 1, then b(x(w),w) = 0 for any x ∈ Vˆ and w ∈ W .
Actually, scalars can be extended and hence F may be assumed to be algebra-
ically closed. As in [5, proof of (8.4)], we may assume too that Vˆ = U∗ ⊕ U and
W =∧U for some vector spaceU (whereU∗ denotes its dual), and that qˆ(ϕ + u) =
ϕ(u) and b(ξ, η) = s(ξ ∧ η) for any ϕ ∈ U∗, u ∈ U and ξ, η ∈ W =∧U , where
s ∈ W ∗ is such that s(∧i U) = 0 for any i < r = dimU . Moreover, is determined
as follows:
 : (C(Vˆ , qˆ), τ)−→(EndF (W), σb)
ϕ + u 	→ dϕ + lu
where lu and dϕ are given by lu(u1 ∧ · · · ∧ um) = u ∧ u1 ∧ · · · ∧ um and dϕ(u1 ∧
· · · ∧ um) =∑mi=1 ϕ(ui)u1∧ iˆ· · · ∧um. Since∗x = x (adjoint relative to b) for any
x ∈ Vˆ , it is sufficient to check that b(x(w),w) = 0 for any x ∈ Vˆ and any w in a
basis of W =∧U . But:
• b(lu(u1 ∧ · · · ∧ um), u1 ∧ · · · ∧ um)=s(u ∧ u1 ∧ · · · ∧ um ∧ u1 ∧ · · · ∧ um) = 0
for any m (if m = 0, one gets b(lu(1), 1) = s(u) = 0 since dimU = r > 1).
• b(dϕ(u1 ∧ · · · ∧ um), u1 ∧ · · · ∧ um) =∑mi=1 ϕ(ui)s(u1∧ iˆ· · · ∧um ∧ u1 ∧ · · · ∧
um) = 0 for any m (again if m = 1 this is due to the dimension of U being > 1).
Notice that for r = 1, U = Fu, U∗ = Fϕ with ϕ(u) = 1 and b(lu1, 1) = s(u) /=
0, so the hypothesis of r > 1 is necessary in the arguments above.
(II) If r > 2, then, by Corollary 3, there is a regular quadratic form Q : W → F
such that bQ = b and Q(x(w)) = qˆ(x)Q(w) for any x ∈ Vˆ and w ∈ W . Define
then V ×W → W : (µe + x,w) 	→ (µe + x) · w = µw +x(w) for any µ ∈ F ,
x ∈ Vˆ and w ∈ W and check that
Q((µe + x) · w)= Q(µw +x(w))
= µ2Q(w)+ qˆ(x)Q(w)+ µb(w,x(w))
= (µ2 + αq(x))Q(w) (because of (I))
= αq(µe + x)Q(w),
as required.
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(III) Define Q : W ⊕W → F by Q(w1
w2
) = b(w1, w2) so that Q is regular and hy-
perbolic, and
V × (W ⊕W)−→W ⊕W(
µe + x,
(
w1
w2
))
	→
(
α−1µw1 + α−1x(w1)
µw2 +x(w2)
)
(µ ∈ F, x ∈ Vˆ ).
Then, for any µ ∈ F , x ∈ Vˆ , and w1, w2 ∈ W ,
Q
(
(µe + x) ·
(
w1
w2
))
= b(α−1µw1 + α−1x(w1), µw2 +x(w2))
= α−1µ2b(w1, w2)+ α−1µ
(
b(x(w1), w2)
+ b(w1,x(w2))
)+ α−1b(x(w1),x(w2))
= α−1µ2b(w1, w2)− α−1b
(
2x(w1), w2
)
=
(
α−1µ2 − α−1qˆ(x)
)
b(w1, w2)
= q(µe + x)Q
(
w1
w2
)
.
This gives (b). 
Again, Theorem 6 gives us compositions of quadratic forms (V , αq)× (W,Q)→
(W,Q) with dimV = 2r + 1 and
dimW =
{
2
dimV−1
2 if r > 2,
2
dimV+1
2 if r = 1, 2.
And these dimensions are optimal in the following sense:
Theorem 7. Let (V , q) be a regular quadratic space of odd dimension 2r + 1 with
r > 0 and let (W,Q) be a regular quadratic space with a composition of quadratic
forms (V , q)× (W,Q)→ (W,Q). Then the dimension of W is a multiple of{
2
dimV−1
2 if r > 2,
2
dimV+1
2 if r = 1, 2.
Proof. By extending scalars we may assume that F is algebraically closed. Thus
V = Fe ⊕ Vˆ with q(e) = 1 and bq(e, Vˆ ) = 0. Let qˆ = q|Vˆ . The given composition
V ×W → W : (µe + x,w) 	→ (µe + x) · w induces a new composition
V ×W−→W
(µe + x,w) 	→ (µe + x) · l−1e (w) = µw + x · l−1e (w),
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where le(w) = e · w for any w ∈ W . Therefore we may assume that e · w = w for
any w ∈ W , and hence there is a one-to-one homomorphism determined by
 : (C(Vˆ , qˆ), τ )−→(EndF (W), σbQ)
x 	→ x : W → W : w 	→ x · w
for any x ∈ Vˆ . Actually, Lemma 5 shows that dimW is even and hence bQ is non-
degenerate. From Q(x · w) = q(x)Q(w) for any x ∈ Vˆ , w ∈ W , it follows that
bQ(x · w1, e · w2)+ bQ(e · w1, x · w2) = bq(x, e)bQ(w1, w2)
for any x ∈ V and w1, w2 ∈ W , so ∗x = x = τ(x) for any x ∈ Vˆ (adjoint relative
to bQ). Moreover,
bQ(x · w1, x · w2) =
{
q(x)bQ(w1, w2),
bQ
(
x(w1),x(w2)
) = bQ(2xw1, w2),
so 2x = qˆ(x) for any x ∈ Vˆ . The simplicity of C(Vˆ , qˆ) forces  to be one-to-one.
Therefore, W is a direct sum of a number, say s, of copies of the irreducible module
for C(Vˆ , qˆ), so dimW = s2r and the theorem is proved if either s is even, or r > 2.
If s is odd, as in the proof of Theorem 4, there is an irreducible submodule
M of W with nondegenerate bQ|M so that  restricts to an isomorphism |M :
(C(Vˆ , qˆ), τ )→ (EndF (M), σbQ|M ), and there is induced a composition of quadratic
forms (V , q)× (M,Q|M)→ (M,Q|M). For r = 1, 2, this contradicts Lemma 5(ii)
since dimV = 2r + 1 > 2r = dimM . 
4. The Hurwitz–Radon function
The results in the two previous sections suggest the consideration of the following
map:
γ : N → N
given by
γ (2r + 1) =
{
2r if either r = 0 or r > 2,
2r+1 if r = 1, 2,
γ (2r) =
{
2r−1 if r is even, r > 2,
2r if either r = 2 or r is odd.
Alternatively, γ is given the following values for m = 8s + t :
t 0 1 2 3 4 5 6 7
γ (m) 24s−1 24s 24s+1 24s+1 24s+1 24s+2 24s+3 24s+3
with the following exceptions:
γ (3) = 4 , γ (4) = 4 , γ (5) = 8 .
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The map γ satisfies
γ (n)= min{m ∈ N : there exists a composition of regular quadratic forms
(V , q)× (W,Q)→ (W,Q) with dimV = n and dimW = m}.
Moreover, given any composition of regular quadratic forms (V , q)× (W,Q)→
(W,Q), the dimension of W is a multiple of γ (dimV ), and if γ (n) = m then, by
Lemma 5, there exists a composition of quadratic forms (F n, qn)× (Fm, qm)→
(Fm, qm) where{
q2r (x1, . . . , x2r ) =∑ri=1 x2i−1x2i ,
q2r+1(x1, . . . , x2r+1) =∑ri=1 x2i−1x2i + x22r+1.
Consider the Hurwitz–Radon function, defined by
ρ(n)= max{m ∈ N : there exists a composition of regular quadratic forms
(V , q)× (W,Q)→ (W,Q) with dimV = m and dimW = n}.
Therefore, by Theorems 1, 4, 6 and 7:
ρ(n)= max{m : γ (m) divides n}
= max{m : there exists a composition of quadratic forms
(Fm, qm)× (F n, qn)→ (F n, qn)
}
.
Since γ (m) is always a power of 2, if n = 2pq for odd q, ρ(n) = ρ(2p). Now, if
p is odd, p > 1, then γ (2(p + 1)) = 2p and ρ(2p) = 2(p + 1), while if p is even,
p > 2, γ (2p + 1) = 2p and ρ(2p) = 2p + 1. Moreover, γ (1) = 1, γ (2) = 2 and
γ (3) = γ (4) = 4, so
ρ
(
2pq
) =
{ 2p if p = 1, 2,
2p + 1 if p is even, p /= 2,
2p + 2 if p is odd, p /= 1,
that is,
ρ
(
22a+bc
) = { 22a+b if 2a + b  2,
4a + 4b if 2a + b > 2,
for any a  0, b = 0, 1 and odd c. This was obtained previously, in a very different
way, in [4].
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